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Integrability of the N = 3 super KdV equation

De-gang Zhang
Institute of Solid State Physics, Sichuan Normal University, Chengdu 610068, People’s Republic
of China, and Center of Theoretical Physics, CCAST (World Laboratory), PO Box 8730, Beijing
100080, People’s Republic of China
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Abstract. We obtain the Lax pair for theN = 3 supersymmetric andSO(3) symmetric
extensions of KdV equation by using the prolongation structure technique. Hence its integrability
is proved.

The N = 1 andN = 2 integrable supersymmetric (fermionic) extensions of the KdV
equation have been widely studied [1–4] because they are related to the superconformal
(super Virasoro) algebras, which play a central role in superstring theory, 2D critical
phenomena and supergravities, and so on. Recently Bellucciet al investigated in detail
the most generalSO(3) symmetricN = 3 superfield extension of the KdV equation [5].
They found that only a candidate exists for a non-trivial, higher-order conservation law and
conjectured it to be completely integrable. In this paper we prove this conjecture by using
the prolongation structure technique [6–8].

TheN = 3 super KdV equation [5] reads

Jt = −Jxxx + 3(JD3J )x + 3
2J (D

iJDiJ )x (1)

where the superfieldJ (x, t, θ) = ψ(x, t) + θ ivi(x, t) + θ3−iϕi(x, t) + θ3u(x, t), θ i (i =
1, 2, 3) are anticommuting variables,θ3 = 1

6εkjiθ
iθ j θk, θ3−i = 1

2εkjiθ
j θk, Di = ∂θi − θ i∂,

D3 = 1
6εijkD

iDjDk, u andvi are the ordinary bosonic (modified) KdV fields, andψ andϕi
are the fermionic fields. After suitable reduction to theN = 2 case, equation (1) becomes
theN = 2 supersymmetric KdV equation with the parametera = 1 [4], which is shown to
be integrable [9, 8]. According to the prolongation structure technique [6], we first rewrite
equation (1) equivalently as the following 2-forms:

α1 = dt ∧ du+ dx ∧ dtux α2 = dt ∧ dux + dx ∧ dtuxx

α3 = dx ∧ du− dt ∧ duxx − dt ∧ ψxxx3ψ − dt ∧ dvixx3vi − dx ∧ dtA

α3+i = dt ∧ dvi + dx ∧ dtvix α6+i = dt ∧ dvix + dx ∧ dtvixx

α9+i = dx ∧ dvi − dt ∧ dvixx − dx ∧ dtBi β1 = dt ∧ dψ + dx ∧ dtψx

β2 = dt ∧ dψx + dx ∧ dtψxx β3 = dx ∧ dψxx + dx ∧ dtψxxx

β4 = dx ∧ dψ − dt ∧ dψxx − dx ∧ dtC β4+i = dt ∧ dϕi + dx ∧ dtϕix

β7+i = dt ∧ dϕix + dx ∧ dtϕixx

β10+i = dx ∧ dϕi − dt ∧ dϕixx − dt ∧ dvixx3ψ − dx ∧ dtDi

(2)
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where

A = 3ψxψxxx + 6uux + 3ϕiϕixx − 3vixvixx − 3ψ(2ϕivix − viϕix − 3uψx)x + 3(uvivi)x

+ 3
2εijkvi(ϕjϕk)x − 6vi(ϕiψx)x + 3ϕi(viψx)x − 3εijkϕi(vjϕk)x

Bi = 3(uvi + ψϕix)x + 3ψ(viψx − εijkvjϕk)x + 3vivjvjx

C = 3(uψ)x + 3ψvivix

Di = −3ψxvixx + 3(uϕi + εijkvjϕkx)x + 3ψ(uvi + 1
2εijkϕjϕk − 2ϕiψx + εijkvj vkx)x

+3ϕivjvjx + 3εijkψxvjvkx + 3εijkεlmkvj (ϕlvm)x.

(3)

It is easy to prove that these even 2-formsαm and odd 2-formsβn form a closed idealI ,
i.e. dI ⊂ I . Then, we prolongI to Ĩ by adding the following set of even and odd 1-forms
[7, 8]:

ω0
k = dyk + dxF 0

k + dtG0
k k = 1, 2, . . . , n0

ω1
l = dζl + dxF 1

l + dtG1
l l = 1, 2, . . . , n1

(4)

where yk and ζl are the even and odd prolonged variables, respectively,F 0
k and

G0
k are even functions, andF 1

l and G1
l are odd functions in terms of the variables

u, ux, uxx, ψ,ψx, ψxx, ψxxx, vi, vix, vixx, ϕi, ϕix, ϕixx, yk andζl . Let Ĩ also be closed; then
we have

Fux = Fuxx = Fψx = Fψxx = Fψxxx = Fvix = Fvixx = Fϕix = Fϕixx = 0

Guxx = −Fu Gψxx = −Fψ Gψxxx = −3ψFu

Gvixx = −Fvi − 3ψFϕi − 3viFu Gϕixx = −Fϕi
uxGu + uxxGux + ψxGψ + ψxxGψx + ψxxxGψxx + vixGvi + vixxGvix

+ϕixGϕi + ϕixxGϕix − AFu − BiFvi − CFψ −DiFϕi − [F,G] = 0

(5)

whereF = F 0
k ∂yk + F 1

l ∂ζl andG = G0
k∂yk +G1

l ∂ζl .
For equations (5), we obtain the solutions

F = viXi + uX4 + ϕiX−i + ψX−4

G = −HiXi − IX4 + JiX4+i −KX−4 − LiX−i +MiX−4−i + PX−8.
(6)

Here

Hi = vixx − 3uvi − 3ψϕix − 3viψψx − vivjvj + 2εijkψvjϕk

I = uxx − 3ψψxxx + 3vivixx − 3u2 − 3ϕiϕix − 3uvivi − 3εijkviϕjϕk − 9uψψx

+3(viϕiψ)x − 9vixϕiψ

Ji = εijkvj vkx + ϕixψ − ϕiψx

K = ψxx − 3uψ − ψvivi

Li = ϕixx + 3ψvixx − 3uϕi − 3εijkvjϕkx − 6ϕiψψx − 3εijkψvjvkx − 2uviψ

−εijkϕjϕkψ − 3ϕivjvj + 2vivjϕj

Mi = viψx − vixψ

P = uψx − uxψ + viϕix − vixϕi .

(7)
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Table 1. Commutation relations of the even generatorsXp (p = 1, 2, . . . ,7) and odd generators
X−q (q = 1, 2, . . . ,8).

X−8 X−7 X−6 X−5 X−4 X−3 X−2 X−1 X1 X2 X3 X4 X5 X6 X7

X−8 0 −X7 −X6 −X5 0 0 0 0 −X−1 −X−2 −X−3 0 0 0 0
X−7 0 0 0 0 0 X1 −X2 0 0 −X−4 −X−3 −X−6 X−5 0
X−6 0 0 0 −X1 0 X3 0 −X−4 0 −X−2 X−7 0 −X−5

X−5 0 0 X2 −X3 0 −X−4 0 0 −X−1 0 −X−7 X−6

X−4 0 −X7 −X6 −X5 X−5 X−6 X−7 X−8 0 0 0
X−3 0 0 0 0 0 X−8 0 −X−2 X−1 0
X−2 0 0 0 X−8 0 0 X−3 0 −X−1

X−1 0 X−8 0 0 0 0 −X−3 X−2

X1 0 −X7 X6 0 0 −X3 X2

X2 0 −X5 0 X3 0 −X1

X3 0 0 −X2 X1 0
X4 0 0 0 0
X5 0 −X7 X6

X6 0 −X5

X7 0

The even generatorsXp (p = 1, 2, . . . ,7) and odd generatorsX−q (q = 1, 2, . . . ,8) form
a non-trivial Lie superalgebra. Their commutation relations are listed in table 1.

The representation of this Lie superalgebra is

X1 = ζ4∂ζ1 − ζ1∂ζ4 X2 = ζ4∂ζ2 − ζ2∂ζ4 X3 = ζ4∂ζ3 − ζ3∂ζ4

X4 = ∂y X5 = ζ2∂ζ3 − ζ3∂ζ2 X6 = ζ3∂ζ1 − ζ1∂ζ3

X7 = ζ1∂ζ2 − ζ2∂ζ1 X−1 = ∂ζ1 X−2 = ∂ζ2 X−3 = ∂ζ3

X−4 = −ζ1ζ2∂ζ3 − ζ2ζ3∂ζ1 − ζ3ζ1∂ζ2 + y∂ζ4

X−5 = ζ2ζ3∂ζ4 + ζ3ζ4∂ζ2 + ζ4ζ2∂ζ3 + y∂ζ1

X−6 = −ζ3ζ4∂ζ1 − ζ4ζ1∂ζ3 − ζ1ζ3∂ζ4 + y∂ζ2

X−7 = ζ1ζ2∂ζ4 + ζ2ζ4∂ζ1 + ζ4ζ1∂ζ2 + y∂ζ3 X−8 = −∂ζ4.

(8)

On a solution manifold of̃I , we havẽω0
k = ω̃1

l = 0, i.e.ykx = −F 0
k , ykt = −G0

k, ζlx = −F 1
l

andζlt = −G1
l . Substituting equation (8) in (6), we have

yx = −u ζix = −viζ4 − ϕi + 1
2εijkψζj ζk ζ4x = viζi − yψ

yt = I ζit = Hiζ4 − 1
2εijkKζj ζk + Li − εijkJj ζk −Miy + εijkMjζkζ4

ζ4t = −Hiζi +Ky − 1
2εijkMiζj ζk + P.

(9)

We can easily verify thatyxt = ytx, ζlxt = ζltx, (l = 1, 2, 3, 4) hold if u, vi, ψ and ϕi
satisfy (1). Takingy = −∂−1u = lnT0 − λx, T1 = ζ1T0, T2 = ζ2T0, T3 = ζ3T0, T4 = ζ4T0,
T5 = ζ1ζ2T0, T6 = ζ1ζ3T0, T7 = ζ2ζ3T0, T8 = ζ1ζ4T0, T9 = ζ2ζ4T0, T10 = ζ3ζ4T0,
T11 = ζ1ζ2ζ3T0, T12 = ζ1ζ2ζ4T0, T13 = ζ1ζ3ζ4T0, T14 = ζ2ζ3ζ4T0, T15 = ζ1ζ2ζ3ζ4T0 and
using (9), we obtain the Lax representation for (1):

LT = λT Tt = MT (10)
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whereλ is an arbitrary constant,T = (T0, T1, . . . , T15)
>, L = (∂+u)·11+L̃, M = I ·11+M̃,

11 is a 16× 16 identity matrix and

L̃ =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

ϕ1 0 0 0 v1 0 0 −ψ 0 0 0 0 0 0 0 0

ϕ2 0 0 0 v2 0 ψ 0 0 0 0 0 0 0 0 0

ϕ3 0 0 0 v3 −ψ 0 0 0 0 0 0 0 0 0 0

−µ −v1 −v2 −v3 0 0 0 0 0 0 0 0 0 0 0 0

0 −ϕ2 ϕ1 0 0 0 0 0 v2 −v1 0 0 0 0 0 0

0 −ϕ3 0 ϕ1 0 0 0 0 v3 0 −v1 0 0 0 0 0

0 0 −ϕ3 ϕ2 0 0 0 0 0 v3 −v2 0 0 0 0 0

0 µ 0 0 ϕ1 −v2 −v3 0 0 0 0 0 0 0 −ψ 0

0 0 µ 0 ϕ2 v1 0 −v3 0 0 0 0 0 ψ 0 0

0 0 0 µ ϕ3 0 v1 v2 0 0 0 0 −ψ 0 0 0

0 0 0 0 0 ϕ3 −ϕ2 ϕ1 0 0 0 0 v3 −v2 v1 0

0 0 0 0 0 −µ 0 0 −ϕ2 ϕ1 0 −v3 0 0 0 0

0 0 0 0 0 0 −µ 0 −ϕ3 0 ϕ1 v2 0 0 0 0

0 0 0 0 0 0 0 −µ 0 −ϕ3 ϕ2 −v1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 µ ϕ3 −ϕ2 ϕ1 0


M̃ =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

R1 0 J3 −J2 H1 0 0 −K 0 −M3 M2 0 0 0 0 0

R2 −J3 0 J1 H2 0 K 0 M3 0 −M1 0 0 0 0 0

R3 J2 −J1 0 H3 −K 0 0 −M2 M1 0 0 0 0 0 0

S −H1 −H2 −H3 0 −M3 M2 −M1 0 0 0 0 0 0 0 0

0 −R2 R1 0 0 0 J1 J2 H2 −H1 0 0 0 M1 M2 0

0 −R3 0 R1 0 −J1 0 J3 H3 0 −H1 0 −M1 0 M3 0

0 0 −R3 R2 0 −J2 −J3 0 0 H3 −H2 0 w −M2 −M3 0 0

0 −S 0 0 R1 −H2 −H3 0 0 J3 −J2 M1 0 0 −K 0

0 0 −S 0 R2 H1 0 −H3 −J3 0 J1 M2 0 K 0 0

0 0 0 −S R3 0 H1 H2 J2 −J1 0 M3 −K 0 0 0

0 0 0 0 0 R3 −R2 R1 0 0 0 0 H3 −H2 H1 0

0 0 0 0 0 S 0 0 −R2 R1 0 −H3 0 J1 J2 0

0 0 0 0 0 0 S 0 −R3 0 R1 H2 −J1 0 J3 0

0 0 0 0 0 0 0 S 0 −R3 R2 −H1 −J2 −J3 0 0

0 0 0 0 0 0 0 0 0 0 0 −S R3 −R2 R1 0


Here,µ = ψ∂−1u, Ri = Li +Mi∂

−1u andS = P −K∂−1u. From equation (10), we have
Lt = [M,L], which gives rise to equation (1). Therefore, the existence of the Lax operator
L proves the integrability of (1).

Finally, we consider the bosonic core (i.e. all the fermionic fieldsψ andϕi vanish) of
theN = 3 super KdV equation (1), which is

ut = −uxxx + 3(u2 − vivixx + uvivi)x

vit = −vixxx + 3(uvi)x + 3vivjvjx.
(11)

The algebra generated by the prolongation structure of (11) is the bosonic part of the Lie
superalgebra above. In this case,X5 = X1, X6 = X2 and X7 = X3. X4 is central
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element commuting with the other generators andXi form the SO(3) algebra. The Lax
pair associated with (11) is

L =


∂ + u 0 0 0

0 ∂ + u −v3 v2

0 v3 ∂ + u −v1

0 −v2 v1 ∂ + u



M =


U 0 0 0

0 U −W3 W2

0 W3 U −W1

0 −W2 W1 U


whereU = uxx + 3vivixx − 3u2 − 3uvivi andWi = vixx − εijkvj vkx − 3uvi − vivjvj .
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